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Chapter 3 : Equation of Schrodinger
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1) Wavefunction: Schrddinger's Equation

Schrodinger's equation can be derived from the classical wave equation
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Where the solution of this equation Is written
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Differentiating the wave with respect to time, it comes:
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Similarly, the gradient of this wave function gives:

Vw(F,f)=%l3-A exp%(ﬁ.F—Et) @Vty(F,tﬁ)=%ﬁW(r,tﬁ)
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According to classical physics, mechanical energy is given by:

E=E +E, =

Multiplying with the wave function

E\P(F,f):
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and finally using the previous results, we have:
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finally:




1.1) Differential operators in quantum physics

To each physical quantity of classical mechanics, make correspond a differential
operator

Energy Cartesian components of P

Physical quantities E P By P,
" " ., 0 .0 0 0
Differential operators ih— —ifi— -ing ~ih—




2.2) The time-independent Schrodinger equation
Y (r,t)=0(F)f(t)
by replacing in the Schrodinger equation and by dividing the two members by @(T)

WeMEM OB T ¢ (1) () v (1) (1) (1) =i £ (1) (1)
‘Z_fnz f(£)AD(F)+V (F) F (1)D(7) =i (F) dfdit)

1 df(t) -n* 1

IO d - 2m o(r)

AD(F)+V (T)

The left member depends only on time, the right member only on coordinates:

equality is only possible if the two members are equal to a constant C.
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By Integrating each member, we obtain:
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And so the total wave function iIs:




where @®(T) is the solution of the equation:
HO(F)=ED(T)

which is called the time-independent Schrodinger equation or the eigenvalue
equation of H.



2) Basic Developments

The behavior of a particle of mass m subject to a potential V (x) is described by the following partial
differential equation:

_#h2%2 O°W (X, t _
- 6)52 )=V(x)\P(x,t)=|.h

where y(x, t) Is called the wavefunction.

oW (x,t)
ot

» The wavefunction contains information about where the particle is located,
» Its square being a probability density.
» A wavefunction must be “well behaved,” in other words it should be defined and

continuous everywhere.

> In addition it must be square-integrable, meaning: fjozolt,b(x, )% dr < oo



Activity 01
Let two functions ¥ and @ be defined for 0 < x < oo. Explain why W(x) = x

cannot be a wavefunction but ®(x) = e~*" could be a valid wavefunction.



2.1)The Probability Interpretation of the Wavefunction

At time t, the probability of finding the particle within the interval x and x + dx Is given

by the square of the wavefunction. Calling this probability dP(x, t), we write:
dP(x,t) = |Y(x, t)|? dx

The square is given by |W(x,t)|* as opposed to W(x,t) because in general, the

wavefunction can be complex.

The probability P that a particle is located withina < x < b Is:
b

P = fILIJ(x, t)|? dx

a

It is common to denote a probability density |W(x, t)|? as p(x,t).



The total probability for any distribution must sum to unity. If the probability distribution is

discrete with n individual probabilities p;, this means that:
Zpi =1
i

For a continuous probability distribution p(x), the fact that probabilities must sum to unity means
that:

+ oo

j p(x)dx =1

— 00

In guantum mechanics, this condition means that the particle is located somewhere in space with

certainty
+ 00

f W(x, t)|?dx =1

— 0O



Activity 02

Suppose that a certain probability distribution is given by P(x) = %xis for

1 < x < 3. Find the probability that > < x < 3,



Activity 03

Consider a particle traped in a well with potential given by:

_{0 0<x<a
V = .
¢'e) otherwise

—iEt
Show that b = Asin(kx)exp = solves the Schrédinger equation provided

That

h2k?
2m




2.2) Properties of the Schrodinger equation

The Schrodinger equation has two important properties. These are:
1. The equation is linear and homogeneous

2. The equation is first order with respect to time—meaning that the state of a

system at some initial time to determines its behavior for all future times.

An important consequence of the first property is that the superposition principle

holds. This means that if Y, (x, t), ¥, (x,t), ..., ¥, (x, t) are solutions of the

Schrodinger equation, then the linear combination of these functions:

¥ =Ci(x,t) + Copo(x, t) + - Cupp(x, t) = Xi; Cipi(x, t)

IS also a solution.



2.3) Solving of the Schrodinger Equation

We have seen that when the potential Is time-independent and the solution to the

Schrodinger equation is given by:

The spatial part of the wavefunction, ®(x), satisfies the time-independent

Schrodinger equation.



2.3.1) The Time-Independent Schrodinger Equation

Let W(x,t) = ®(x)exp ( ) be a solution to the Schrodinger equation with

time-independent potential V =V (x). The spatial part of the wavefunction ®(x)

satisfies:
—h® 94D
2m 0dx?
where E Is the energy of the particle. This equation iIs known as the time

+ V(x)P(x) = E P(x)

Independent Schrodinger equation.

Solutions that can be written as W(x, t) = ®(x)exp ( L ) are called stationary.



Asolution W(x,t) = ®(x)exp (_ihEt

) to the Schrodinger equation is called

stationary because the probability density does not depend on time:

W(x, t)]* = P*(x,t) P(x,t)

w0 = [owen (5] e (55

h h
W(x, £)]2 = ®(x) exp (”%t) D()exp (—;Et)

W (x, )]* = P(x)"P(x)



Activity 04

_;Et) .Find V (x) such that the Schrédinger

Suppose W(x,t) = A(x — x3)exp (
equation Is satisfied.



2.3.2) Normalizing the Wavefunction
When a wavefunction that solves the Schrodinger equation is multiplied by an
undetermined constant A, we normaljrzog the wavefunction by solving:

1
i f W(x, )% dx

The normalized wavefunction is then A W(x, t).



Activity 05

The wave function for a particle confined to 0 < x < a in the ground state was
found to be:

[

Y(x) = Asin (—)

a

where A Is the normalization constant. Find A and determine the probability that

3a

the particle is found in the interval % S XS



Activity 06

A particle of mass m is trapped in a one dimensional box with a potential described by:

_ {0 0<x=<a
V = .
¢'e) otherwise

Solve the Schrodinger equation for this potential.



Activity 07
Y(x) = Ae~A(x—%0)"
Find A such that W(x) is normalized. The constants A and x are real.

Knowing that:

00

f e %2°dz =1

— 00



Activity 08

—|x|

Let W(x) = Aelza)eiG—x0),

Find the constant A by normalizing the wavefunction.



2.3.2) Expansion of the Wavefunction and Finding Coefficients
Earlier we noted that the superposition principle holds

Un(x,t) = O,(x)exp (=t E,t/h)

At time t = 0, any wavefunction W can be written as a linear combination of these

states:
(. Z C,P(x

If we set E = hw, the time evolution of this state Is then:
wx, 1) = Z Ch (Dn(-\')f’_iw’”

Since any function W can be expanded in terms of the &,,, we say that the ®,, are
a set of basis functions.



2.3.2.1) Find the constants C,, in the expansion of
To find the constants C,, in the expansion of ¥ , we use the inner product.

The inner product of two wave functions W(x) and ®(x) is defined by:

(D, V) = / O* (x) Y (x)dx

The square of (@, W) tells us is the probability that a measurement will find
the system in state ®(x), given that it is originally in the state W(x).
Basis states are orthogonal. That Is:

: _ 1O ifmiER
/ D, (X) Dy (x)dx = Sypy Omn = | ifm =n



If a state W(x, 0)is written as a summation of basis functions ®,,(x), we find the

n th coefficient of the expansion C,, by computing the inner product of ®,,(x) with

‘n —

¥(x,0). Thatis: ¢ — (¢, (x), ¥(x,0)) = / OF (X)W (x, 0)dx

Notice that:

/ OF (x)Y(x, 0)dx = f i) Z(’" (X )dx
- Z Cm / (D* x)P,(x)dx = Z CmOmn = Cn



2.3.2.2) The Meaning of the Expansion Coefficient

If a state is written as W(x,t) = Y. C,,P,,(x)et®nt, the modulus squared of the
expansion coefficient C,, Is the probability of finding the system in state ®,,(x),

i.e.. Probability system is in state &, (x) = IC,,I

Another way to put this is, if a state W(x,t) = Y. C,,P,,(x)e*®nt and we measure
the energy, what is the probability we find E,, =  w,, ? The answer is |C,|*. Since

the coefficients C,, define probabilities, it must be true that:

> 1Cal* =



Activity 09
A particle of mass m Is trapped In a one-dimensional box of width a. The

wavefunction 1s known to be:

I 4R  7IEX 1 [(3ux 1 /2  [f4dnrx
Yr(x) = —.f—sin (—) + ,/ — sin =4/ - sin
2Y d a a a 2V a a

If the energy Is measured, what are the possible results and what Is the probability

of obtaining each result? What is the most probable energy for this state?



