
Exercise 1. 1. Show that the vectors

v1 = (0, 1, 1) v, 2 = (1, 0, 1) v, 3 = (1, 1, 0)

form a basis of R3. Find the components of the vector w = (1, 1, 1) in this basis
(v1, v2, v3).

2. Show that the vectors

v1 = (1, 1, 1), v2 = (−1, 1, 0), v3 = (1, 0,−1)

form a basis of R3. Find the components of the vectors e1 = (1, 0, 0), e2 = (0, 1, 0),
e3 = (0, 0, 1) and w = (1, 2,−3) in this basis (v1, v2, v3).

Exercise 2. 1. In R3, give an example of a linearly independent family that is not
generating (spanning).

2. In R3, give an example of a generating family (spanning set) that is not linearly
independent.

Exercise 3. Determine for which values of t ∈ R the vectors

{(1, 0, t), (1, 1, t), (t, 0, 1)}

form a basis of R3.

Exercise 4. 1. Show that the vectors

v1 = (1,−1, i) v, 2 = (−1, i, 1) v, 3 = (i, 1,−1)

form a basis of C3.

2. Calculate the coordinates of

v = (1 + i, 1− i, i)

in this basis.

Exercise 5. Consider, in R4, the vectors:

v1 = (1, 2, 3, 4), v2 = (1, 1, 1, 3), v3 = (2, 1, 1, 1),

v4 = (−1, 0,−1, 2), v5 = (2, 3, 0, 1) .
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Let F be the vector space generated by {v1, v2, v3} and let G be the one generated by
{v4, v5}. Compute the respective dimensions of F , G



Solution to Exercise 1

1. To show that the family {v1, v2, v3} is a basis, we will show that this family is linearly
independent and generating (spanning).

(a) Let us show that the family {v1, v2, v3} is linearly independent. Consider a zero
linear combination av1+ bv2+ cv3 = 0; we must show that the coefficients a, b, c are
zero. Here the zero vector is 0 = (0, 0, 0).

av1 + bv2 + cv3 = (0, 0, 0)

⇐⇒ a(0, 1, 1) + b(1, 0, 1) + c(1, 1, 0) = (0, 0, 0)

⇐⇒ (b+ c, a+ c, a+ b) = (0, 0, 0)

Thus the coefficients satisfy a = b = c = 0; this proves that the family is linearly
independent.

(b) Let us show that the family {v1, v2, v3} is generating (spanning). For any vector
v = (x, y, z) ∈ R3, we must find a, b, c ∈ R such that av1 + bv2 + cv3 = v.

av1 + bv2 + cv3 = v

⇐⇒ a(0, 1, 1) + b(1, 0, 1) + c(1, 1, 0) = (x, y, z)

⇐⇒ (b+ c, a+ c, a+ b) = (x, y, z)

⇐⇒

⎧⎪⎨⎪⎩
b+ c = x

a+ c = y

a+ b = z

Solving the system:

a =
1

2
(−x+ y + z), b =

1

2
(x− y + z), c =

1

2
(x+ y − z).

For these values, we have av1 + bv2 + cv3 = (x, y, z) = v. Therefore the family
{v1, v2, v3} is generating.

(c) The family is both linearly independent and generating, so it is a basis.

(d) To write w = (1, 1, 1) in the basis (v1, v2, v3), we can solve the system corre-
sponding to av1 + bv2 + cv3 = w. But we have already solved it for any vector
(x, y, z); in particular for the vector (1, 1, 1), the solution is

a =
1

2
, b =

1

2
, c =

1

2
.



In other words,
1

2
v1 +

1

2
v2 +

1

2
v3 = w.

The coordinates of w in the basis (v1, v2, v3) are therefore (1
2
, 1
2
, 1
2
).

2. To show that the family is linearly independent and generating, the calculations are
similar to those in the previous question. Denote by D the basis (v1, v2, v3). Next,
express e1 in this basis. The calculations give:

e1 =
1

3
v1 −

1

3
v2 +

1

3
v3.

Its coordinates in the basis D are ( 1
3
,−1

3
, 1
3
).

e2 =
1

3
v1 +

2

3
v2 +

1

3
v3.

Its coordinates in D are ( 1
3
, 2
3
, 1
3
).

e3 =
1

3
v1 −

1

3
v2 −

2

3
v3.

Its coordinates in D are ( 1
3
,−1

3
,−2

3
).

Notice that w = (1, 2,−3) is actually w = e1 + 2e2 − 3e3. Therefore, from our
previous calculations:

w =
1

3
v1 −

1

3
v2 +

1

3
v3

+ 2

(︃
1

3
v1 +

2

3
v2 +

1

3
v3

)︃
− 3

(︃
1

3
v1 −

1

3
v2 −

2

3
v3

)︃
= 2v2 + 3v3.

The coordinates of w in D are (0, 2, 3).

Solution to Exercise 2

1. For example, the family {(1, 0, 0), (0, 1, 0)} is linearly independent in R3 but not
generating.

2. The family {(1, 0, 0), (0, 1, 0), (0, 0, 1), (1, 1, 1)} is generating in R3 but not linearly
independent.

Solution to Exercise 3

When the number of vectors equals the dimension of the space, we have equivalences
between being a linearly independent family, being a generating family, and hence being
a basis.

Three vectors in R3 therefore form a basis if and only if they form a linearly indepen-
dent family. Let us check when this is the case.



a(1, 0, t) + b(1, 1, t) + c(t, 0, 1) = (0, 0, 0)

⇐⇒ (a+ b+ tc, b, at+ bt+ c) = (0, 0, 0)

⇐⇒

⎧⎪⎨⎪⎩
a+ b+ tc = 0

b = 0

at+ bt+ c = 0

From b = 0, we get: {︄
a+ tc = 0

at+ c = 0

Substituting a = −tc into at+ c = 0:

(−tc)t+ c = 0 ⇐⇒ c(1− t2) = 0.

First case: if t ̸= ±1. Then t2 − 1 ̸= 0 and the only solution to the system is
(a = 0, b = 0, c = 0). In this case, the family is linearly independent and therefore also a
basis.

Second case: if t = ±1. Then the last equation disappears, and there exist nontrivial
solutions (for example, if t = 1, (a = 1, b = 0, c = −1) is a solution). The family is not
linearly independent and therefore not a basis.

Thus the vectors form a basis if and only if t ∈ R \ {−1, 1}.

Solution to Exercise 4

1. This is indeed a basis. Since we have three vectors and we wish to show that they
form a basis of a vector space of dimension 3, it suffices to show either that the family
is linearly independent or that it is generating (these conditions are equivalent for
n vectors in an n-dimensional vector space). It is simpler to show that the family
is linearly independent. Consider a zero linear combination av1 + bv2 + cv3 = 0; we
must show that a = b = c = 0. But here the base field is K = C, so a, b, c are
complex numbers.

a(1,−1, i) + b(−1, i, 1) + c(i, 1,−1) = (0, 0, 0)

This gives the system: ⎧⎪⎨⎪⎩
a− b+ ic = 0

−a+ ib+ c = 0

ia+ b− c = 0

Solving yields a = 0, b = 0, c = 0. Therefore the family (v1, v2, v3) is linearly
independent, hence also generating; it is therefore a basis of C3.

2. We look for a, b, c ∈ C such that

av1 + bv2 + cv3 = v = (1 + i, 1− i, i).

Solving the system gives:

a = 0, b =
1

2
(1− i), c =

1

2
(1− 3i).



Thus
v =

1

2
(1− i)v2 +

1

2
(1− 3i)v3.

Consequently, the coordinates of v in the basis (v1, v2, v3) are(︃
0,

1

2
(1− i),

1

2
(1− 3i)

)︃
.

Solution to Exercise 5

1. G is generated by two vectors, so dimG ≤ 2. Clearly v4 and v5 are not linearly
dependent, so dimG ≥ 2; hence dimG = 2.

2. F is generated by three vectors, so dimF ≤ 3. A calculation shows that the family
{v1, v2, v3} is linearly independent, hence dimF ≥ 3 and therefore dimF = 3.


	Untitled.pdf
	Untitled.pdf
	Vector Analysis
	Vector Space
	Definition of a Vector Space
	Terminology and Notation
	Calculation Rules

	Basis
	Linear Combination
	Linearly Independent Family
	Linearly Dependent Family
	Generating Family (Spanning Set)
	Connections Between Generating Families
	Basis
	Orientation

	Dimension of a Vector Space
	Vector Geometry of Space
	Coordinates / Coordinate Systems

	Operations on Vectors and Projection of Vectors onto Axes in a Cartesian Coordinate System
	Operations on Vectors
	Properties of Vector Spaces
	Dot Product (Scalar Product)
	Cross Product (Vector Product)

	Vectors in Polar, Cylindrical, and Spherical Coordinates
	Cartesian Coordinates
	Polar Coordinates
	Cylindrical Coordinates
	Spherical Coordinates

	Exercises
	Solutions

	Differentiability
	Differentiability at a Point
	Derivative (Difference Quotient, Definition of the Derivative)
	Left and Right Differentiability
	Graphical Interpretation

	Differentiability
	Calculation of Derivatives
	Sum, Product, etc.
	Derivatives of Elementary Functions
	Composition
	Higher-Order Derivatives

	Local Extremum, Rolle's Theorem
	Local Extremum
	Rolle's Theorem

	Mean Value Theorem
	Mean Value Theorem
	Increasing Function and Derivative

	L'Hôpital's Rule
	Taylor's Formula
	Introduction: Approximating a Function by a Polynomial
	Taylor's Formula with Young's Remainder (Local Approximation)
	Taylor's Formula with Lagrange Remainder (Error Estimate)

	Special Case: Maclaurin's Formula
	Fundamental Examples (to know)
	Typical Uses in First Year

	Exercises
	Solutions

	Antiderivatives and Integrals
	Antiderivative of a Function
	Definition
	Antiderivatives of Elementary Functions
	Riemann Sums
	Relation Between Antiderivative and Integral

	Properties of the Integral
	Chasles Relation
	Positivity of the Integral
	Linearity of the Integral

	Integration by Parts – Change of Variables
	Integration by Parts
	Change of Variables

	Integration of Rational Fractions
	Three Basic Situations
	Integration of Simple Elements

	Integration of Trigonometric Functions
	Tangent of the Half-Angle

	Exercises
	Solutions



	Untitled.pdf
	Untitled.pdf
	Vector Analysis
	Vector Space
	Definition of a Vector Space
	Terminology and Notation
	Calculation Rules

	Basis
	Linear Combination
	Linearly Independent Family
	Linearly Dependent Family
	Generating Family (Spanning Set)
	Connections Between Generating Families
	Basis
	Orientation

	Dimension of a Vector Space
	Vector Geometry of Space
	Coordinates / Coordinate Systems

	Operations on Vectors and Projection of Vectors onto Axes in a Cartesian Coordinate System
	Operations on Vectors
	Properties of Vector Spaces
	Dot Product (Scalar Product)
	Cross Product (Vector Product)

	Vectors in Polar, Cylindrical, and Spherical Coordinates
	Cartesian Coordinates
	Polar Coordinates
	Cylindrical Coordinates
	Spherical Coordinates

	Exercises
	Solutions

	Differentiability
	Differentiability at a Point
	Derivative (Difference Quotient, Definition of the Derivative)
	Left and Right Differentiability
	Graphical Interpretation

	Differentiability
	Calculation of Derivatives
	Sum, Product, etc.
	Derivatives of Elementary Functions
	Composition
	Higher-Order Derivatives

	Local Extremum, Rolle's Theorem
	Local Extremum
	Rolle's Theorem

	Mean Value Theorem
	Mean Value Theorem
	Increasing Function and Derivative

	L'Hôpital's Rule
	Taylor's Formula
	Introduction: Approximating a Function by a Polynomial
	Taylor's Formula with Young's Remainder (Local Approximation)
	Taylor's Formula with Lagrange Remainder (Error Estimate)

	Special Case: Maclaurin's Formula
	Fundamental Examples (to know)
	Typical Uses in First Year

	Exercises
	Solutions

	Antiderivatives and Integrals
	Antiderivative of a Function
	Definition
	Antiderivatives of Elementary Functions
	Riemann Sums
	Relation Between Antiderivative and Integral

	Properties of the Integral
	Chasles Relation
	Positivity of the Integral
	Linearity of the Integral

	Integration by Parts – Change of Variables
	Integration by Parts
	Change of Variables

	Integration of Rational Fractions
	Three Basic Situations
	Integration of Simple Elements

	Integration of Trigonometric Functions
	Tangent of the Half-Angle

	Exercises
	Solutions




